We revisit the classical problem of granular hopping conduction's σ ∝ approach offers a relatively straightforward and simple explanation for the temperature behavior that was widely observed over diverse material systems, but which has remained a puzzle in spite of the various efforts for its explanation.
I. Introduction
In diverse composite materials comprising small conducting grains dispersed in an insulating matrix, an almost ubiquitously-observed temperature dependence of the conductivity is given by T are the sample-dependent constants, and T denotes the temperature [1] [2] [3] [4] [5] [6] [7] [8] [9] . This temperature dependence is noted to differ from that for the threedimensional variable-range-hopping (VRH) conduction Γ between two sites i and j is given by the product of probabilities for thermal activation and tunneling [15] [16] [17] [18] :
where o Γ is a constant for a given sample or hopping conduction network, It should be especially noted that the approach presented in this work does not require a broad distribution of grain sizes or the charging energy. In fact, the present approach works perfectly well in yielding the observed granular hopping's characteristic temperature dependence for fairly narrow size distributions, which are actually the case determined experimentally.
There are a number of theories attempting to explain the temperature dependence of the GH conduction [1, 3, [26] [27] [28] . However, each suffers from either un-reasonable values of the parameters required to fit the data, or unreasonable assumption(s)
about the detailed microstructure of the granular medium [2, 20, [29] [30] [31] . In particular, there is an otherwise very successful theory, based on the constancy of the relative volume fraction x of the conducting grains, imposed upon each ij Γ , an assumption (constancy of x) that can only be valid when averaged over the whole sample [1, 3, 32, 33] . That is, since
(the effect of the local dielectric screening environment was ignored in such an argument, i.e., i η was set to be equal to 1) and if we assume that / ij i S d µ = depends only on the metal volume fraction x, then it follows that we can write
The exponent, as a function of ij S , now has a maximum the position of which is obtainable by taking the derivative with respect to ij S and setting the result to zero. [10, 11] . A similar (valid) criticism can be leveled at such an argument, since the density of states is inherently a concept valid only when considered with respect to the whole sample, instead of being valid for each hopping site and its immediate neighboring environment [10, 11] .
Another popular theory for granular hopping is that by Efros and Shklovskii (ES for short) [12] , in which the
T -law is derived by considering VRH in the presence of a (soft) Coulomb gap. However, in a series of papers plus a review, Adkins had shown that the application of the ES theory to granular metals is not consistent with the reasonable values of the parameters required [2, 19, 34] . We would like to note, however, that the prediction of the ES theory has recently been observed in low-temperature conduction in antidot graphene [35] and oxygen deficient ZnO films [36] , where its applicability is not in doubt. As applied to granular systems, however, the VRH required by the ES theory means that there is a necessity for a charge carrier on a granule to be transported to a distant granule (i.e., beyond the immediate neighbors) in a single step. In order for such a process to be feasible with some finite probability, it must be supplemented by the so-called co-tunneling process [37] in which the charge carrier would stopover at some intermediate neutral grain on its way to the destination granule. In order for the intermediate grain to remain neutral, co-tunneling requires that the intermediate grain either emit a charge simultaneous with the arrival of the tunneling charge carrier, or that the stopover is so short in duration that the charge on the intermediate grain is in a quantum mechanical virtual state, hence its charging energy can be discounted.
It is also to be noted that the
 has been demonstrated numerically from non-nearest neighbor hopping [38] .
In contrast to the ES theory, in the present approach the granular hopping law is shown to be derivable with consideration of immediate-neighbor hopping only, which is more physical for the diverse material systems to which the GH behavior applies. 
II. The critical path argument
Consider a system of random sites with ij Γ being the conductance between any two localized sites at most contribute a constant multiplicative factor that is not too large.
To examine the temperature dependence of c Γ , let us consider the equality ij
Here c
Γ is the conductance of the critical percolating network, determined by the critical conduction condition as specified by Eqs. (4), (5) By taking the logarithms of both sides of Eq. (3) and using the expression
where
In Eq. (4), if ij S and max [ , ] i j E E are respectively replaced by their values at the critical bond in the percolation cluster, it can be shown through simulations that the equality is indeed very well satisfied.
It is noted that the critical conductance condition as specified by Eqs. (4), (5) (4) as the sum of two random numbers each ranging from zero to one, then the probability of having the value (of the sum) around 1 is the highest, since there is a maximum number of combinations, and each random number can fully access the full range of [0, 1] . This is in contrast to the probability of having the value around 0 or 2, in which the combination is unique, and each random number on the left hand side must each be limited to be around either 0 or 1. Hence the probability of having such values is much smaller. From this simple discussion it is clear that (1) the immediate-neighbor CPM can treat the energy of activation and the tunneling conduction as two random variables, fully compatible with the requirement of a random medium, and (2) there is a wide range of possible choices for the combination of the two parameters to achieve the critical conductance that can be representative of the sample conductance.
As 
III. Critical path derivation of the temperature dependence

Model system
To proceed further, we model our granular system by grains arranged in a (locally) simple cubic geometry, with 6 neighbors. The conducting grains are roughly round in shape and can have a distribution of diameters. However, the width of the size distribution should be relatively small.
The shape can also deviate from a perfect sphere, so that the closest separation between the surfaces of the neighbors (i.e., the tunneling distance) can have a distribution. Below we calculate the average parameters of the system by assuming spherical grains. 
Evaluation of c b by using excitation energy and tunneling distance distribution functions
The calculation of bc, which again is an average quantity, involves simple counting [39] . That is, if we allow ( ) represents the distribution of the excitation energies for the charge carriers, obtained by taking into account the random potential shifts of grain's Fermi level as described in the introduction section.
Equation (6) is noted to differ from the traditional CPM approach of using the density of states ρ to evaluate c b . However, the basic logic remains the same, and the direct use of the distribution functions is statistically accurate for the physical scenario of immediate neighbor granular hopping.
We would also like to remark that Eq. (6) cannot be used for the traditional VRH scenario because in that case the number of "neighbors" for hopping conduction is not well-defined, i.e., theoretically Z → ∞ ; hence the use of ρ for the evaluation of c b , in the VRH context, is a rather unique choice.
Emergence of the granular hopping conduction's temperature dependence
To use Eq. (6) 
Since we have already argued in the previous section that the constancy of the product m m E S implies the GH conduction behavior, it follows from Eq. (7) that at low temperatures at least, the GH conduction must follow the behavior 
Direct numerical solution of Eq. (6) and comparison with the experiment
If we take into account the accurate behavior of ) (
, then a numerical solution of Eq. (6) yields an extremely good 1/ T behavior over a very broad range of temperatures, with only a slight deviation at higher temperatures. This is shown in Fig. 2 for the same parameter values used in Fig. 1 . The higher temperature deviation, due to the saturation behavior of ) (
, is necessarily in the nature of 1/T thermal activation (which would appear as a quadratic in the 1/ T plot). This is not surprising, since at infinite temperature the conduction should be dominated by thermal activation only, and the slope of 1/T is given by the maximum activation energy in the percolation path. But up to 100 K, the 1/ T behavior is an extremely good description of GH conduction. In Fig. 2 we also show the experimental data on a sample of Agx(SnO2)1-x with x=33%. It is seen that the comparison between theory and experiment yields extremely good agreement.
Because the linear behavior at the lower section of the ) (
u E is independent of the parameter values, hence the functional form of Eq. (8) is a general consequence of the critical path argument as applied to the immediate neighbor hopping. The value for To, Eq. (9), however, depends on the composition x as well as on the average number of immediate neighbors, e.g., on
whether simple cubic or hexagonal closed-packed geometry is chosen. For the present case, locally simple cubic geometry with Z=6 is seen to yield very good agreement with the experimental result.
IV. Discussion
The physical picture of this derivation is that the GH conduction's temperature dependence arises from the bounds on the percolating conduction paths' tunneling and activation parameters, imposed by the average composition of the sample. It relaxes considerably the microscopic constraint imposed by the previous theories [3, 32, 33] . In particular, if now we substitute Eq. (8) back into Eq. (4) 
V. Numerical simulations
We have performed simulations on 3D simple cubic resistance network by calculating the conductance of the system by using Kirchhoff's laws through nodal analysis. We will use the parameters of an experimental granular system, Agx(SnO2)1-x, which demonstrates excellent granular hopping conduction behavior [9] . The excitation energy of the immediate-neighbor grains is extracted from a log-normal distribution, ( ) i N E , of the charging capacitance energy, convolved with a random disordered potential as described in Ref. [19] . The resulting distribution is given by Eq. (2). Here i E is the capacitive charging energy of grain i. The most probable value in the log-normal distribution of i E is taken to be , and the width of the distribution is taken to be
, which is obtained from the experimentally determined grain size distribution given in Ref. [9] . It is to be noted that
represents a relatively narrow size distribution. Here we have assumed
The log-normal distribution is given by [19, 25] 
It should be noted that the abundance of low energies in the convolved distribution ) (E D justifies the lower integration limit in Eq. ( 
The value obtained for o T turns out to be around ~270 K, which is very close to the upper bound value predicted by Eq. (9).
VI. Conclusions
We have revisited the electronic conduction processes in random granular films in the dielectric regime, where the conducting granules are allowed to possess a distribution of sizes which, in turn, govern the magnitude of the charging energy. By taking into account the random potential that can arise from electrical impurities and interfacial states, and by employing the critical path approach applied to the immediate-neighbor pairs of grains, we show that the well-known fractional exponential temperature behavior of conductivity, 
The upper bound for Sij is
Therefore,
From Eq. (A7) we obtain 2 2 16 exp 2
Furthermore, by using 0 = 2 2 / and = 0 / , we have ω , is taken to be 0.2 so as to be in agreement with the experimentally measured grain size distribution as given in Ref. [9] . The red dashed line shows the linear regime of ) ( value of = 0.17 is noted to be consistent with x=33%, which is the composition value of the Agx(SnO2)1-x sample whose temperature dependence of conductance is compared with the theory prediction in Fig. 2 . while the quadratic regime of the curve corresponds to thermal activation behavior at high temperatures. The experiment curve (black squares) are reproduced from the experimental data on Agx(SnO2)1-x (Ref. [9] ). The simulation curve (red dots) is obtained by numerically evaluating the conductance of the system based on Kirchhoff laws on a 10 10 10 × × simple cubic resistance network, averaged over 20 configurations. By using a least square fit, the simulation result for 0 is found to be 231 K. The solution to Eq. (6), for temperatures below 100 K, yields a 255
It is noted that the agreement between theory and experiment is extremely good.
